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Flow Past an Anchored Slender Ship in
Variable-Depth Shallow Water

Allen Plotkin*
University of Maryland, College Park, Md.

The potential flow of a uniform stream of shallow water past a slender ship in the presence of a variable bot-
tom is analyzed using the method of matched asymptotic expansions. For a small deviation from constant depth,
the solution is seen to consist of the constant-depth result obtained by Tuck plus a correction which accounts for
the depth variation. Expressions are obtained for the vertical force and trim moment to first order in the slen-
derness parameter when the flow is subcritical and the bottom is slender. It is seen that the bottom geometry ap-
pears in the solution in an analogous fashion to the hull geometry, through the streamwise variation of the cross-

flow cross section.

Introduction

HE problem under consideration is the potential flow

of a uniform stream of shallow water past a slender ship
in the presence of a variable bottom. Tuck! introduced the
use of the method of matched asymptotic expansions into the
solution of shallow-water hydrodynamics problems in his
study of the longitudinal flow past a slender ship. Slender-
body theory is used to describe the flowfield in the inner
region near the ship and shallow-water theory is used in the
flow description of the outer region. Tuck? also considered
the case of a ship moving along the center of a constant width
rectangular channel. Newman? solved the problem of the
lateral flow past a slender ship in shallow water. Tuck45
studied unsteady shallow-water problems related to ship
motions.

In all of the previously mentioned research, the water depth
is taken to be constant. It is intended here to extend the
solution of Tuck! to include the effects of variable water
depth. It is noted that the translation of a ship over a variable
bottom is inherently unsteady, even in a ship-fixed coordinate
system. As a first step in the understanding of the influence of
depth variation on the forces and moments acting on a slender
ship, the flow of a stream of shallow water past a fixed slen-
der ship and a fixed variable-depth bottom is studied. This
corresponds to the ‘‘water tunnel’” version of the physical
problem of interest.

Problem Formulation

Consider the steady subcritical potential flow of a stream of
shallow water of speed U past a slender ship of length 2L. The
coordinate system is shown in Fig. 1. x lies in the stream direc-
tion and z is measured upwards from the undisturbed free sur-
face. The slenderness assumption requires the beam and draft
to be small compared to the length, say of 0(e). The hull is
described by the equation

y=ef(xz) 1)

The shallowness assumption requires the depth to be 0(¢) also
and the bottom is given by

7= —eh(x,y) 2)
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The depth Froude number
F2=U?/geh
is taken to be of 0(1). )
A perturbation velocity potential ¢ is defined which

satisfies Laplace’s equation and tends to zero at infinity. The
total fluid velocity is

G=Uv (x+¢) 3)

On the hull and bottom, the normal velocity component
vanishes which yields

¢y_6(1+¢x)fx—€¢zfz=0 0ny=6f (4)
and
S, eI+ ), +ep,h,=0 onz=—ch 5)

Let the free surface be described by z=7(x,y). The pressure is
zero on the free surface and using the Bernoulli equation, this
condition implies that

—2gq/ U2 =2¢ , + ¢+ ¢+ ¢/ 6)

The kinematic free-surface condition is

O, =0+, +0,m, 7

The method of matched asymptotic expansions will be used
to solve the problem and the solution technique will closely
parallel that of Tuck.!

Outer Expansion

In the outer region far from the ship, the coordinates have
the following orders of magnitude

xy=0(), z=0()

z=-eh
Fig.1 Coordinate system and flow schematic.
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The linearized shallow-water equation governing the motion
is given in Wehausen and Laitone$ as

(]“Flf)¢xx+¢yy+(1+¢x)hx/h+¢yhy/h=0 (8)

It is noted that this equation is valid for ¢ of 0(e) and that in
the analysis to follow, terms of 0(e) and 0(ed) are kept. 5, a
small parameter associated with the bottom variation, is
defined below in Eq. (9). The terms of 0(ed) yield the
‘‘second-order’’ contribution to the flow due to the bottom
variation and can consistently be obtained from Eq. (8).
Terms of 0(e2), which are independent of the bottom varia-
tion but which may be comparable to the 0(eé) terms, are ob-
tained formally by Tuck' and can be added to the results of
this analysis to yield a complete ‘‘second-order’’ solution.

The bottom is taken to deviate from constant depth by 0(8)

hx,yy=h,+06h,;(xy) )]
Let

P(XY)=0¢,(6y)+60,(xy) 10)

Equations (9) and (10) are substituted into Eq. (8) and if terms
linear in 6 are kept, the equations for ¢, and ¢, are

) —F02)¢OXX+<;’>0yy =0
(I“E)Z)¢1XX+¢1”= _hlx/ho_ (A, (d)oxx+¢nyy)
+¢0Xhlx+¢oyh[y]/hn (11)

where F, is the Froude number based on the mean depth e/ ,.
It is seen that ¢, satisfies the constant-depth shallow-water
equation used by Tuck. !

Following Tuck,! the solutions are written formally in
terms of Green’s function distributions as

¢o= S—m dxo.u'l(xo)G(x_xmy)
¢1= S—m dX(,[,LQ(XO)G(X—‘XO,y)

- g_m dxo S o dyn{hlx'i"[hl (¢{’xx+¢“yv)

+ oty F 0 ) Glx=X 0=y )hy  (12)

where

Gxy)= log [x2+ (I—F)y21"  (13)

1
2r(1-F) "

for subcritical flow. The unknown source strengths u, and u,
are to be determined by matching with the inner expansion.

At this point, a slender bottom is assumed. The extent of
the bottom variation is taken to be of 0(e) in the y-direction.
The effect of this restriction on the double integral term in the
expansion for ¢, will now be demonstrated. First, since ¢, is
of O(e), terms in the integral proportional to ¢, may be
neglected compared to hlx. Second, introduce the stretched
variable Y, =y /ein the y,, integral.

©

S_m dy()hIXG(x_XOJ y_yo)
=€ S . dY(,h,XG(x—xo, y—eY,)

In the outer region y =0(1) and a Taylor series of expansion of
Gyields
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G(X_XOJ y_EYo)=G(x_Xo,)’)+0(E)

If terms up to O(e) in ¢, are kept, for a slender bottom Eq.
(12) becomes

o o

¢]= S—m dan(x_xo’y)[lL2(xo)“ S_m dyohlx/hO] (14)

Inner Expansion

In the inner region, the coordinates have the following or-
ders of magnitude

x=0(1), y,z=0(¢)
Inner variables Y and Z are defined as follows
Y=yle, Z=2z/¢ (15)
Following the analysis of Tuck, ! terms in ¢ to 0(e?) will be
kept. Conventional slender-body theory yields the following

differential equation, hull boundary condition and free-
surface condition:

Syy+ozz=0 (16)
dn=ef (I+f3)~"2 onY=f (17)
¢,=0 onZ=0 (18)

where N is the normal in inner variables in the Y —Z plane.
On the bottom, from Eq. (5),

¢, +dyhy+e?h, =0 onZ=—h

Using Eq. (9) and a Taylor series expansion about Z=—#,,
yields

bz +0(h,0y)y+de?h, =0 onZ=—h, (19)
For
o=%,+6%, (20)
the following mathematical problems are obtained
Po,,+20,,=0
$,,=0 onZ=0
‘I)(),\-Zfzf,\-(1+f§) -Y2 on Y=f

¢, =0 onZ=-h, 2D

@, +®,,,=0
®,,=0 onZ=0
$,,=0 onY=f

)Y~ezh,x on Z=0 (22)

oy

b, =~ (h®

Equations (21) and (22) represent a series of two-
dimensional von Neumann problems to be solved at each
cross section location x. Note that to 0(e), both ¢, and ¢, ad-
mit arbitrary functions of x as solutions, and that the problem
for &, is the Tuck ! constant-depth one. Let

¢l)=6g(x)+¢(}(} (Y;Z;x)
@, =er(x)+®,, (Y, Z:x) 23)

where &, and & |, are 0(e?).

00
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We can solve both @ ,, and @, uniquely if a suitable boun-
dary condition at infinity is specified. If it is assumed that the
hull and bottom are symmetrical with respect to the plane
Y=0, appropriate conditions are &, —u,! Yi+o(l) as
[Yi-w and®,,~u,! YI+o0(I)as| YI— = whereu, and u,
are determined by conservation of mass. Since the hull area
flux is € 257 (x) and the flux from the bottom is

d =
—€26 — S hdY=e284"(x) (24)
dx -
then
U, =e?S" (x)/2h,, u,=e26A4’(x)/2h,, (25)

where €2S(x) is the hull cross section beneath Z=0 and
€26A (x) is the net bottom cross section which is positive for
h | negative.

Matching

To determine the unknown functions u, u,, g and r, the
inner and outer expansions must be matched. The following
matching principle from Van Dyke 7 is used:

“The m-term inner expansion of the (n-
term outer expansion)=the n-term outer
expansion of the (m-term inner ex-
pansion)’’ (26)

Take m=2 and n=1. The 1-term outer expansion is ¢, +6é,.
It has a 2-term inner expansion of

¢1/ (X)0)+6¢I(x)0)+|y |[¢Uy(x’0+ )+6¢ IAV(X:0+ )]
=¢,(50)+08¢,(x,0)+1yI[pn,(x)
+ou,(x)+ebA (x)/ h,]/2 27

The 2-term inner expansion is eg (x)+edr(x)+® ,,+6®,,. It
has a 1-term outer expansion of

eg(X)+edr(x)+el yI[S (x)+6A4"(x)]1/2h,, (28)

By equating Eq. (28) to Eq. (27), the results of the matching
are obtained as

#I(X)ZES/(X)/hw MZ(X)=0

eg(x)=¢,(x0), er(x)=¢,;(x0) 29

Inner Expansion of the Pressure and Forces

A hydrodynamic pressure coefficient is defined and from
Bernoulli’s equation

C,=p/VpU?==2¢ . —¢7—¢— 30)
To O(¢), the inner velocity potential is given in Egs. (23) as
d=reg{x)+ebr(x)
and therefore, to 0(¢),
C,=—2eg" (x)—2¢br’ (x)
To first order in ¢, the pressure [ Egs. (12 and 29)] is

pUZe S (x,)+8A4"(x,)

= d 31
P i (I=Fp " S_m x,ol ¥x, 1 GDH

As in Tuck, ! to this order the pressure is a function of x only.
The hull and bottom geometry appear only through the cross-
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sectional areas S and A. The constant-depth solution of
Tuck ! is recovered for A4 =0.
Tuck ! shows that the vertical force (positive upwards) is

I
F= ‘ -, dx p(x)B(x) 32)

and the trim moment (positive clockwise) is
L
M= — S ALxdxp(x)B(x) (33)

where B(x) is the beam. Force and moment coefficients which
are independent of ', can be defined as

L
—F=2pgL S _, Bx)dx F2(1—Fp) - “iC,

L
_, X?B()dx F{(I—F) - 2C (34)

M=pg8

Elliposidal Hull and Bump

For example consider an elliposidal hull of revolution
described by x2/L2+ Y?+Z?/B?=1.

The area S(x) and the beam B(x) are then S=0.57B%(] —
x?/L?) and B=2B,e(I—x?/L%". Using Eq. (31), the
pressure coefficient is

eB X I+x/L

=P Xy T )
o= wta—rnE L T L ]

The pressure distribution is plotted in Fig. 2. From Egs. (32)
and (33),

27 pU?2¢?B}
F=—-— - >
3 h,U-F)"

and from Eqs. (34) Cr=B%?/3L2, C,,=0. Note that the
force is downward.

Consider an ellipsoidal bump with semi-axes given in inner
variables as x 5, Y and 8k 5 and centered at x=x . The net
cross-sectional area is then

A)=0.5h Y g1 — (x—x,)2/x3]

Using Eq. (31), the pressure coefficient is

XC
Yy | = ,
= = [ (X—X, _5 ) _
ST A R o Bl
Xp
h_o\—_ﬁch

eB2

T \ T T T T T T -
| ]

N

20 -6 -2 -08 1.2 16 20

Fig.2 Pressure coefficient for ellipsoidal hull.
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Fig. 3 Force and moment coefficients, Cp and C,;, for ellipsoidal
bump as functions of X z/L, the bump length, and X /L, the bump
location.

Cr and C, for the bump are computed using Egs. (32-34)
and are plotted in Fig. 3 as functions of x,/L, the bump
length, and x /L, the bump location. For x /L =0, the force
is downward and the moment is zero. As x /L increases, the
force is seen to change sign and to eventually decay to zero.
As x /L increases, a moment is generated which is initially
positive and which then changes sign and decays to zero.

Conclusions

The solution of Tuck' for the potential flow past a slender
ship in shallow water has been extended to include the effect
of depth variation. For a slender bottom and symmetrical hull
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and bottom, the forces to first order in the slenderness
parameter are obtained by quadrature. The results are presen-
ted as corrections to the constant-depth solution and the bot-
tom geometry enters the solution in the same fashion as the
hull geometry. Physically, the solution to this order depends
only on the streamwise rate of change of the net cross-
sectional wetted area. Solutions are presented for subcritical
flow but can easily be obtained for supercritical flow. For bot-
tom geometry asymmetrical with respect to the hull symmetry
plane, it is necessary to solve the inner problem in detail.

Tuck has demonstrated that this solution technique yields
physically reasonable results for the vertical force and trim
moment for the constant-depth case. His solution corresponds
to the physically interesting problem of a ship translating in
shallow water. With depth variation included, the solution
obtained here does not correspond to the ship translation
problem which is unsteady. At best, by solving a series of
steady problems with the bottom geometry shifted in the
streamwise direction (as in the example), a quasi-steady ap-
proximation to the translation problem can be obtained.

References

'Tuck, E. O., “Shallow-Water Flows Past Slender Bodies,”’ Jour-
nal of Fluid Mechanics, Vol. 26, Sept. 1966, pp. 81-95.

2Tuck, E. O., “Sinkage and Trim in Shallow Water of Finite
Width,”” Schiffstechnik, Vol. 14, 1967, pp. 92-94.

3Newman, J. N., ““Lateral Motion of a Slender Body Between Two
Parallel Walls,”” Journal of Fluid Mechanics, Vol. 39, Oct. 1969, pp.
97-115.

4Tuck, E. O., “Ship Motions in Shallow Water,”” Journal of Ship
Research, Vol. 14, Dec. 1970, pp. 317-328.

5Tuck, E. O. and Taylor, P. J., “Shallow Wave Problems in Ship
Hydrodyanmics,”” 8th Symposium on Naval Hydrodynamics,
Pasadena, Calif., 1970, pp. 627-659.

6Wehausen, J. V. and Laitone, E. V., “Surface Waves,”
Handbuch der Physik, edited by S. Flugge, Vol. 9, Springer-Verlag,
Berlin, 1960, pp. 446-778.

"Van Dyke, M, Perturbation Methods in Fluid Mechanics,
Academic Press, New York, 1964.



